Abstract: In this paper, we have studied, with a numerical method, how introducing disorder affects the light transmission properties of 1-D photonic structures over a wide range of wavelengths. A new type of disorder is introduced by permuting the refractive index layers in the optical medium. We compared the light transmission properties of ideal photonic crystals and of disordered media with the same kind and number of scattering elements for different sample lengths. We have calculated the transmission properties, by the transfer matrix method, of thousands of different disordered structures in order to perform a statistical analysis. We found that, below a certain sample length, disorder induces less average light reflection than ordered structures, whereas above the threshold length, disordered structures show more average reflection. Moreover, we have quantified the disorder of the structures with the Shannon index. We have found a decrease in the average light transmission as a function of the Shannon index. Furthermore, the sample length affects the trend of the average transmission as a function of the Shannon index.
Introduction
Wave propagation in periodic and disordered materials still remains one of the most intriguing problems in physics. For example, in solid state physics, the introduction of disorder can transform a conducting material into an insulator, and can be described by the concept of Anderson localization [1] . Theoretical studies and experiments have shown that disorder hinders transport, leading to deviations from classical diffusion in systems containing disorder [2] - [4] , as well as in fully random potentials [5] - [7] .
The study of ordered and disordered topologies (at length scales of the wavelength of light) is a crucial topic for a better comprehension of light transport in photonic media. In photonic structures, two different materials give rise to spatial variations in refractive index of the order of the wavelength of light. When the different domains form periodic structures, these are called photonic crystals [8] - [11] . This is a relevant topic within physics and materials science, e.g., for the study of their optical properties and for the fabrication of optical filters, lasers and other optical devices [12] - [16] .
When two domains have large-order rotational symmetry but no translational symmetry, they form a quasi-crystal [17] that can exhibit unusual optical properties [18] . Disordered photonic structures consist of a random mixing of refractive index domains. The optical properties of disordered structures have been studied in the pioneering works of Kuga et al. [19] , Wolf et al. [20] and Van Albada et al. [21] , in which the weak localization of light in these systems is experimentally demonstrated. Although widely used in applications such as random lasers [22] , [23] , recent observations (e.g., photon Levy flights [24] , disorder enhanced light transport [25] ) pay testament to the great effort underway to better understand the singular features of these photonic materials.
Anderson localization has been experimentally demonstrated in one-dimensional random photonic structures, showing a narrow peak in the transmission spectrum and an average of the transmission coefficient logarithm which decreases linearly with the sample thickness [4] , [26] . Furthermore, optical necklace states have been observed [26] , as theoretically predicted by Pendry [27] and Tartakovskii [28] .
An interesting way to correlate the disorder in a photonic structure with its optical properties is to describe the structural homogeneity of such a structure. The degree of disorder-homogeneity of the medium can be quantified by a diversity index (Shannon index) and it is possible to correlate the average light transmission over a large range of wavelengths to the structural disorder [29] - [34] .
In this paper, we analyze the optical properties of one-dimensional photonic structures introducing topological disorder. The disorder, employed for the first time in these kind of structures, is introduced by permuting the refractive index layers in the optical medium. Since each disordered photonic structure can show different light transmission properties, we repeat a large number of experiments in order to produce a statistical ensemble of light transmission outputs. We study the average transmission as a function of the sample length and observe that, below a certain length, disordered structures transmit more light than ordered structures, whereas above such lengths the ordered structures transmit more than the disordered. This characteristic is independent of the kind of light localization in the structure. Moreover, we have quantified the disorder of the structures with the Shannon index. First, we underline that the calculations herein presented, made with the transfer matrix method, are in good agreement with previous simulations by finite element methods [32] . Second, in the disordered media we have found that the average transmission decrease as a function of the Shannon index for each structure and it depends on the sample length.
Experimental Details
Herein we have studied two different photonic structures. The photonic media are stratified structures in which the thickness of each layer is 100 nm. The structures are composed of two materials with different refractive indices. In the first structure the refractive indices of the two materials are n HI1 ¼ 1:69 and n LO1 ¼ 1:6, chosen in order to obtain a low refractive index contrast. In the second structure, inspired by the work of Bertolotti et al. [26] , the parameters were chosen such that 4d HI2 n HI2 ¼ 4d LO2 n LO2 ¼ 1500 nm using n HI2 ¼ 2:13 and n LO2 ¼ 1:46 as refractive indices of the two materials and d HI2 ¼ 176 nm and d LO2 ¼ 258:6 nm as their thicknesses. For both structures we have considered three sizes of the crystal unit cell: a unit cell composed of a layer of high refractive index material and a layer of low refractive index material (henceforth labeled 2), a unit cell composed of a layer of high refractive index material and two layers of low refractive index material (3) and a unit cell composed of a layer of high refractive index material and three layers of low refractive index material (4) . To distinguish between the photonic structures with high and low refractive index contrast, we name them 2LC, 3LC and 4LC when the materials with n HI1 and n LO1 constitute the structure (LC stands for low contrast), 2HC, 3HC and 4HC when the materials with n HI2 and n LO2 constitute the structure (HC stands for high contrast).
We have studied the average light transmission of the structures as a function of the number of unit cells constituting the crystal, starting from 10 unit cells, up to 100 unit cells.
To design the random structures we have made permutations of the refractive layers. In this manner a certain degree of disorder is introduced in the photonic media and the periodicity of the structure is lost. This implies that the distance between high refractive elements is not uniform and the unit cells have different proportions of high and low refractive layers.
For a 1D random photonic sequence with n possible positions and k i elements with the same refractive index (indistinguishable elements) we have a total number of possible different disordered photonic crystals given by the multinomial coefficient [33] 
where n is the total number of elements (layers) and k i the number of repeated elements (high and low refractive layers).
For example in the case of n ¼ 120 (30 unit cells 4), k 1 ¼ 90 (low refractive layers) and k 2 ¼ 30 (high refractive layers) the total number of distinguishable permutations are 1:697454 Â 10 28 . The representation of ordered and disordered crystals with n ¼ 120 layers are shown in the first page of the Supplemental Material.
Finally, we have correlated the disorder of the random one-dimensional structures to the Shannon-Wiener index [34] . The Shannon-Wiener ðH 0 Þ index is a diversity index widely used in statistics and in information theory, and it is defined as
where p j is the proportion of the j-fold species and s is the number of the species. In our study p j indicates the proportion of high scattering elements in each unit cell. With a certain number of species, the quantity represented by logðsÞ is the maximum value of the Shannon index, i.e., when all species show the same proportion of individuals. Dividing H 0 by logðsÞ we can normalize the index constraining it within the range (0, 1). The more the structure is homogeneous, the more the Shannon index is. The periodic and ideal photonic crystal, in which each unit cell contains the same proportion of high scattering elements, the Shannon index is 1. We have realized 1000 permutations of each crystal length (10 000 for each type of structure). For each replica we calculated the Shannon index and the transmission properties.
To calculate the transmission spectra we have employed the transfer matrix method; a general technique that is widely used in optics for the description of stacked layers and it is extensively described in ref. [35] - [37] . We have considered isotropic, nonmagnetic materials shaping the system glass/multilayer/air (in which glass is the sample substrate) and an incidence of the light normal to the stacked layer surface. n 0 and n S are the refractive indexes of air and glass, respectively, while E m and H m are the electric and magnetic fields in the glass substrate. To determine the electric and magnetic fields in air, E 0 and H 0 , we have solved the following system:
where
with j ¼ ð1; 2; . . . ; mÞ, is the characteristic matrix of each layers. The elements of the transmission matrix ABCD are
where n j and d j , hidden in the angle j , are, respectively the effective refractive index and the thickness of the layer j. In the case of normal incidence of the probe beam, the phase variation of the wave passing the j-fold layer is j ¼ ð2=Þn j d j , while the coefficient
in TE wave and q j ¼ 1=p j replace p j in TM wave. Inserting Equation (4) into Equation (3) and using the definition of transmission coefficient
it is possible to write the light transmission as
The bandwidth in which we calculate the average light transmission is 900 nm broad, centered at the photonic band gap of the corresponding ordered ideal photonic crystal (for example, the corresponding ideal photonic crystal of the 2LC structure has a photonic band gap centered at 658 nm; therefore, for this structure the range of wavelengths is 208-1108 nm). We have normalized the average light transmission of the disordered media to the average light transmission of the ideal photonic crystal.
Results
In Fig. 1(a) we show a schematic of the ideal one-dimensional photonic crystal and in Fig. 1(b) that of a disordered one-dimensional photonic structure. The black layers correspond to the high refractive index material while the green layers correspond to the low refractive index material. Fig. 2 (a) depicts the transmission spectra for the cell size 4 ideal photonic crystals and Fig. 2(b) for disordered structure of the same size (4LC) over the entire wavelength range (844-1744 nm). Introducing light along the ideal photonic crystal we observed the fundamental photonic band gap at 1294 nm. In the disordered structure, we do not observe an intense photonic band gap, but rather the presence of several minima along all the considered spectral range. It is interesting to compare transmission of disordered structures herein studied with that of the disordered structure proposed by Faist et al. [38] . In that structure, disorder is referred to by a Gaussian distribution of layer thicknesses, with a standard deviation . Owing to the randomness in layer thickness, the calculated reflectivity spectrum of this structure was different to the ordered structure; although, both ordered and disordered structures show a very similar photonic band gaps in the region 850-950 nm ( Figure 11 and 12 in Ref. [38] ). This could be ascribed to the fact that thickness Gaussian distribution generates mild disorder. Instead, for the structures studied in our analysis, the transmission spectrum is affected by disorder in the entire spectral region investigated, including the photonic band region, and is more similar to the one showed in Ref. [26] . We found that introducing disorder produces a significant increase in the average light transmission compared to the ideal photonic crystal below a certain length of the sample. Beyond this length, the disordered crystal showed less average light transmission than ideal periodic photonic crystal. In Fig. 3 we show the distribution of the normalized average transmissions (T) for the crystal 4LC for each sample length (L). In this figure the average transmission of the disordered medium is normalized to the ideal photonic crystal average transmission. For short sample lengthin this case less than 50 unit cells-the majority of the transmissions of the disordered media is over the value of 1. Beyond this length, the mean value of the normalized average transmission increases and the majority of disordered media transmissions is lower than the value of the ideal photonic crystal. When the sample length is more than 70 unit cells all of the normalized average transmission for the disordered media is less than 1.
We found two patterns of light localization in disordered media as a function of the refractive index contrast. Disordered crystals with low refractive index contrast showed a linear decrease of the average light transmission as a function of the sample length (Fig. 4, panels LC) . This linear law indicates a weak localization of light in the medium [26] . When the refractive index contrast is high we found a strong light localization pattern and increasing the sample length we observe a sharp decay of the average light transmission (Fig. 4, panels HC) . This decay is linear when plotting the natural logarithm of the measured average transmission versus the sample length and indicates the presence of Anderson localization of light in the medium [26] , [30] . This strong localization of light in the medium for the HC disordered structure, as also observed in ref. [26] , is due to the higher refractive index contrast that results in a more intense reflection from each interface in the crystal.
Different refractive contrasts induce different types of light localization. In fact, it is worth noting that, while in HC structures we observe an Anderson localization regime (in accordance with ref. [26] ), for low contrast (LC) structures it is evident that the mean average transmission (and not its logarithm) is linear as a function of sample length. However, for all crystals, disordered structures transmit more light than ordered structures below a certain length, whereas above such a length the trend is reversed. For this reason the observed pattern is independent from the type of light localization. The observed mechanism can be described from a phenomenological point of view. As shown in Fig. 2 , the periodic structure can reflect a certain narrow range of wavelengths efficiently, thereby resulting in a photonic band gap. The disordered structure, without periodicity, reflects a broad range of wavelengths producing several transmission minima. Below a certain sample length (i.e., number of layers), the strong reflectance in the photonic band gap region lowers the average transmission of the ideal photonic crystal with respect to the one of the disordered structure. In the ideal periodic crystal, when the sample has a length such that the photonic band gap reaches T ¼ 0%, there is no further decrease in the average light transmission. In other word, when light of a certain range of wavelength is completely reflected from the ideal periodic crystal (band gap), no additional light reflection is possible from this medium, even increasing the sample length. This reflection saturation is clearly visible in Fig. 4 where, for both LC and HC structures, the ideal photonic crystal average transmission trend reaches a plateau and does not decrease upon further increase in the sample length. Conversely, in the disordered structure, increasing the sample length always produces (in the length range considered in this study) an increase in the reflectance. The average light transmission trend for disordered structures does not show a plateau. For this reason, beyond a certain length the average light transmission of disordered media becomes lower than the periodic crystal.
Interestingly, in a study on the average light transmission in 2D photonic structures, in which high refractive index pillars are aggregated forming disordered structures, it is observed that average light reflection increases faster in the disordered structures compared to the ordered ones [28] . The pattern observed in this study for 1D structures, in which above a certain sample length disorder induces more reflection, is in agreement with this result [30] . Fig. 3 . Histograms of the crystal 4LC normalized average transmission ðT Þ for each sample length ðLÞ. The main legend in each panel is the sample length of the analyzed crystal. The ideal photonic crystal light transmission is 1 and is depicted by the vertical line. Below a certain sample length the largest amount of the average transmission results for the disordered media is higher than the light transmission of the ideal photonic crystal (e.g., in this case before L ¼ 50), while over this length the pattern is preserved and disordered structures transmit less than periodic and ordered crystals.
For the structures herein studied, we have analyzed the localization length l Ã , defined as l Ã ¼ ÀL=hlnT i (where L is the sample length) [39] . We observed that, only for the HC structures, hlnT i shows a linear dependence with respect to the sample length. For such structures, we have thus extrapolated from the fit the localization lengths, which are ð11:2 AE 2:4Þ m for 2HC, ð16:4 AE 3:3Þ m for 3HC, ð28:7 AE 6:8Þ m for 4HC. Differently from Bertolotti et al. [26] , where l Ã is found to be about ð14:9 AE 2:4Þ m, we found a slightly stronger localization for the medium. This is due to the different type of disorder. In [26] disorder is introduced by giving each layer a 50% probability to be of type high or low refractive index (resulting in a variable ratio of high/low refractive layers), while in our case disorder is due to permutations of constant ratio of high/low refractive index layers.
Moreover, in order to understand how disorder affects the transmission properties of each replica, we have calculated the average light transmission as a function of the Shannon index for each sample length, with the corresponding plots reported in the Supplemental Material (Figures A1-A6) . We have fitted linear regressions observing a wide variability but a clear decrease in the average light transmission as a function of the Shannon index ðp G 0:01Þ. The decreasing rate is different with respect to the sample length. In Fig. 5 we show the slope coefficients (of the linear regressions) as a function of the sample length. For LC structures we have noticed a linear decrease of the slope versus sample length, while a non-monotonic trend occurs for the HC structures: the slope decreases up to a minimum (corresponding to a sample length of 30-40 unit cells) and then increases for longer sample lengths. This is a complex and interesting trend and could be explained noting that in the LC structures the variability of the average transmission increases with the sample length (Fig. 5) . Higher average transmission values are possible even with longer sample lengths. Instead, in the longer HC structures (e.g., 9 30 unit cells) high average transmission values become unlikely and most of the average transmission values are close to the minimum, such that the decreasing variability (e.g., lower higher values and the plateau over the minimum value of the average transmission) induces a lower slope.
In ref. [32] , with a finite element method, the average light transmission decreases by increasing the Shannon index up to a certain value, while it is growing with a Shannon index above this value. This trend is confirmed in this analysis by using the transfer matrix method ( Figure A7 in the Supplemental Material). With such approach, the trend is corroborated and it is worth noting that the structures, obtained by a random permutation of the high refractive layers, show values that lay at the minimum of the trend. This result shows how delivering the elements at random produces, in average, photonic structures with very low transmission properties.
Finally, to investigate how disorder affects the distribution of the scattering elements in the crystal and to topologically describe the structures, we analyzed the distance between the high refractive index layers in the disordered media. This distance corresponds to the number of low refractive index layers between a pair of high refractive index layers. We call this length as the high refractive distance (HRD).
The ideal photonic crystal has a periodic structure and the HRD is the same in the entire medium. For example, an ideal photonic crystal with 120 layers and cell size of 4 has a uniform HRD of 3 (i.e., 3 low refractive layers between a couple of high refractive elements); an ideal crystal of size 6 has a HRD equal to 5. For this reason, the distribution of the HRD in the ideal photonic crystal is a delta function with a characteristic value. The HRD in disordered crystals is not uniform in the medium. It is possible to analytically derive the probability PðnÞ of having a HRD of length n using combinatorics
where k 1 and k 2 are the number of low and high refractive index layers in the medium, respectively. Equation (7) describes a sharp decay in the probability of having a HRD of length n and the distribution of the HRD in a disordered medium exhibits a large variance. The HRD distributions of the disordered crystals studied are shown in Fig. 6 and they fit well to the Eq. (7).
Conclusion
We have studied the optical properties of disordered one-dimensional photonic structures introducing a new type of disorder, with the aim to compare the differences between ordered and disordered media. We have observed an interesting pattern of the light transmission as a function of the sample length: below a certain length, disordered structures transmit more light than ordered structures, whereas above this length the ordered structures transmit more than the disordered. This characteristic is independent of the light localization pattern observed in the structure. Our results point out interesting technological implications: i) techniques using disordered media with the aim of maximizing light trapping (or light transport) should consider the specific length of the sample; ii) over a certain sample length, the ideal periodic crystal becomes unable to increase light trapping, but remains very effective for light transport, compared to the disordered medium in spectral regions outside of the photonic band gaps. When the disorder of the structure is quantified by the Shannon index, we found that the average light transmission decreases as a function of the Shannon index for each type of crystal. The slope of the decrease of the average light transmission versus the Shannon index depends on the sample length. Furthermore, we have observed that, quantifying the disorder by the Shannon index, the studied random structures show an average light transmission that is in agreement with a trend, for 1D structure, reported in ref. [32] . For this reason, the finite element method and the transfer matrix method produce similar results but with a less computational time of algorithms. The presented results can be useful for the study of light scattering in diffusive media for diagnostic imaging [38] and for engineering of highly scattering layers for light coupling and trapping enhancement in photovoltaic devices [41] . For the latter, we envisage the fabrication of photovoltaic cells covered with cheap plastic random multilayers with a thickness such that light transmission of the random structure is higher than in an ordered structure of the same thickness. 
